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Abstract

‘Invalid moment sets’—sets of quantities nominally moments but for which no underlying distribution could exist and therefore
not moment sets—are generated in Eulerian models from valid sets by independent advection of each moment. Examination of
invalid set generation by two representative advection schemes in one dimension for ensembles of 104 test cases spanning a range of
initial moment sets and flow velocities reveals invalid set frequencies �0.7% for both schemes. Standard moment methods cannot
accommodate invalid sets. Solutions to this problem are presented and evaluated for the ensembles and accurate moment advection
free of invalid sets was obtained for both schemes. A new closure scheme insensitive to invalid sets using Lagrange interpolation of
moment equation kernels is described and evaluated for condensation, dry deposition, and gravitational settling and found to match
the high accuracy of quadrature.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Aerosol evolution must be represented in a variety of spatially gridded models, such as the chemical transport
and general circulation models used in air quality and climate change studies. These models solve partial differential
equations for chemical and aerosol fields C(x, y, z, t) defined at grid box centers (xi, yj , zk) for box (i, j, k). Common to
these models is representation of gaseous and particulate emissions, advection, convection, diffusion, surface deposition
due to winds, gravity and precipitation, chemical reactions, and aerosol microphysical processes. Process operators
(modules) are executed sequentially at each integration step. The aerosol microphysical module represents particle
formation from gaseous precursors, gas–particle mass transfer, coagulation, and particle-phase reactions, and from the
point of view of module developers the model is a ‘host’ imposing constraints on aerosol representation and module
design. Numerous modules based on the flexible and efficient moments method tracking 2–6 moments have been
implemented in such hosts (Ackermann et al., 1998; Binkowski & Roselle, 2003; Binkowski & Shankar, 1995; Easter
et al., 2004; Herzog, Weisenstein, & Penner, 2004; Riemer, Vogel, Vogel, & Fiedler, 2003; Wilson, Cuvelier, & Raes,
2001; Wright, Kasibhatla, McGraw, & Schwartz, 2001; Wright, McGraw, Benkovitz, & Schwartz, 2000; Yu et al.,
2003).
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For any real number k the Stieltjes moments of size distribution f (x) and size coordinate x (radius, diameter, volume,
mass, etc.) are

�k =
∫ ∞

0
xkf (x) dx (1)

and normalized moments are �̄k = �k/�0. Necessary and sufficient conditions for existence of a (non-unique) f (x) for
moment sequence k = 0, 1, . . . , 2l + 1 are non-negative Hankel–Hadamard determinants (Shohat & Tamarkin, 1963):

�m,l =

∣∣∣∣∣∣∣∣
�m �m+1 · · · �m+l

�m+1 �m+2 · · · �m+l+1
...

...
...

...

�m+l �m+l+1 · · · �m+2l

∣∣∣∣∣∣∣∣
�0 (2)

with m = 0, 1; l�0; �m,l = 0 for a monodisperse distribution. Necessary but insufficient is non-negative curvature of
ln �k as a function of k (Feller, 1971): �k�k−2 −�2

k−1 �0 for all k. Two-moment sets always satisfy Eq. (2). Larger sets
violating Eq. (2) inequalities are ‘invalid’.

Host models are computationally intensive and consequently of limited spatial resolution, typically 1–500 km. Higher-
order advection schemes are therefore essential to minimize numerical diffusion. Polynomials typically approximate
trace chemical and particle (‘tracer’) concentrations between box centers for rows of 1–5 boxes. These schemes, which
provide accurate transport of independent tracers, were not designed to preserve tracer interrelationships such as those
within moment sets and a ‘moment advection problem’ arises. The strong spatial and temporal variation of atmospheric
aerosols, as well as steep gradients (as may result from a burst of nucleation in a single grid box due to the extreme
nonlinearity of the nucleation rate with respect to controlling variables), contributes to this problem. Although any
mixing process can potentially generate invalid sets, the present study is limited to advection.

Recent studies (Fan, Marchisio, & Fox, 2004; Settumba & Garrick, 2004; Upadhyay & Ezekoye, 2006) examined size-
dependent transport of particle populations represented with moments in the context of computational fluid dynamics
(CFD). The present study concerns the passive flow of particle populations with air masses and involves flow velocities
(winds) independent of particle size. This is a first investigation of a problem emerging as moment methods tracking
more than 2–3 moments per population are developed for atmospheric hosts.

Section 2 characterizes generation of invalid moment sets by two advection schemes representative of those in
host models. The remainder of this study is largely independent of the process giving rise to invalid sets. Section 3
discusses the impact of invalid sets on moment methods. Section 4 describes and evaluates several solutions to the
moment advection problem, solutions that augment advection schemes when applied to moments (Section 4.1), advect
surrogate quantities for moments (Section 4.2), replace or correct invalid sets (Section 4.3), or use closure methods for
the moment equations insensitive to invalid sets (Section 4.4). Section 5 contains a summary and concluding remarks.

2. Generation of invalid moment sets

The continuity equation for passive tracer flow in carrier fluid (air) of density � and velocity v with tracer concentration
C and mixing ratio R = C/� is

�(�R)

�t
= −∇ · (v�R) (3)

and for the carrier fluid is

��

�t
= −∇ · (v�). (4)

With � and C defined at box centers, tracer spatial profiles C(s) or R(s) spanning one or more boxes are typically
constructed and the equations solved by finite differencing. For a uniform one-dimensional grid with box length L, the
contents of segment �L of the upstream box will flow into the downstream box during an advective step.
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Fig. 1. Quartic polynomial spatial profiles of diameter moments �k(�mk cm−3) as an illustration of profiles characteristic of some higher-order
advection schemes. The �k values at the five box centers (filled squares) define the unique quartic for each k and are those of lognormal distributions
with parameters [N(cm−3), dg(�m), �g (1)] set to [100, 0.2, 1.7], [1000, 0.01, 1.6], [100, 0.03, 1.5], [100, 0.3, 1.6], and [500, 0.2, 1.7] for boxes
1–5, respectively, and form valid moment sets at each box center. Invalid moment sets exist at all locations within shaded regions.

Simple (zeroth-order) upstream advection of moments assumes flat (constant) profiles in each box and integration
over �L multiplies each moment by �L. As the inequalities of Eq. (2) are independent of moment normalization, if
the box-mean moments form a valid set, so do the moments integrated over �L. After the advective step, the box-mean
moments in the downstream box will be a weighted average of the moments from �L of the upstream box and the
moments of the segment of the downstream box remaining in the box over the step. With initial box-mean moments of
the downstream box also a valid set, the updated moments of the box will be a weighted average of two valid sets and
thus a valid set. No moment advection problem arises with the simple upstream scheme. Unfortunately, it is much too
diffusive to be of use in atmospheric hosts.

Higher-order schemes typically use quadratic to quintic profiles ranging over one or more boxes. Fig. 1 shows a
set of quartic profiles of diameter (x = d) moments {�0, �1, �2, �3} passing through the (valid) moment sets at the
five box centers defining the polynomial. Steep gradients result in negative concentrations along segments of profiles
that positive-definite schemes fill to arbitrary small values or otherwise remove. Steep gradients also produce ratios
of tracers that are quite different from those at box centers. Imagine how the ratio of two tracers might vary along a
coordinate if one had negative segments filled while the other remained positive without fills—as for the ratios �2/�0
and �3/�0 of Fig. 1 with negative segments filled. In Fig. 1 invalid sets exist at each location (within shaded regions)
for which any profile was negative as well as within two segments (near the center of box 4 and most of the right-hand
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portion of box 5) where all profiles are positive. As with the ratio of two tracers at a specific location, the ratio of
the advected amounts of two tracers within �L can be quite different from ratios at the centers of the upstream and
downstream boxes. For the profiles of Fig. 1 and with � uniform and �L = L/2 for all boxes, the contents of the
right-hand side of box 2 are advected into box 3 during an integration step and the advected amounts of �2 and �3
are arbitrarily small while that of �0 is significant. Thus the ratios �2/�0 and �3/�0 for the advected segment are very
different from those of the valid sets at the two box centers. Also, integration of each moment over the right-hand side
(�L) of box 2 yields an invalid set, as does similar integration over the left-hand side of box 3, and the updated moment
set of box 3 after the step is the sum of these two invalid sets and (in this instance) an invalid set (two invalid sets
can sum to a valid set). Thus, any required moment interrelationships that obtain at the two box centers prior to the
advective step need not be preserved when the downstream box-mean concentrations are updated.

Generation of invalid moment sets was examined for two advection schemes using uniform flow velocities in one
dimension. If invalid sets are not produced in one dimension they will not appear in three dimensions with the common
x–y–z operator splitting. Tracer spatial moments Gl = ∫

slC(s) ds are useful in describing these schemes.
The Bott (1989a, 1989b) scheme solves Eq. (3) by constructing an nth order polynomial profile spanning 2n+1 boxes

and renormalizing tracer fluxes. It is positive definite and conserves the zeroth spatial tracer moment. The computer
code was derived from that of the multiscale air quality simulation platform (Odman & Ingram, 1996). Fourth-order
polynomials were used inside the domain, and second- and then first-order near the boundaries.

The second-order (spatial) moments method of Prather (1986), or the quadratic upstream scheme (QUS), jointly
solves Eqs. (3) and (4). It conserves zeroth-, first-, and second-order spatial tracer moments using quadratic profiles in
each box independent of other boxes with discontinuities across box boundaries. The computer code was derived from
that of the Goddard Institute of Space Studies general circulation model downloaded from http://www.giss.nasa.gov/
tools/modelE. Fluxes were limited as in Prather (1986) to ensure smooth positive-definite profiles without fills.

Generation of invalid sets in the presence of steep gradients is now illustrated. Initial diameter moments {�0, �1, �2, �3}
were those of lognormal distributions with number concentration N(cm−3), geometric mean diameter dg(�m), and
geometric standard deviation �g (1). For a 20-box model, initial moments were those for (N , dg, �g) set to (106, 0.01,
1.5) for box 3, (104, 0.2, 1.8) for box 4, and (103, 0.03, 1.8) for all other boxes. The spatially uniform fraction F =�L/L

was set to 0.15. After each of 96 advective steps and for each box in which �0 �0.1 cm−3 (a threshold applied for all
statistics) necessary and sufficient conditions �2�0 − �2

1 �0 and �3�1 − �2
2 �0 were tested. For the Bott scheme, 29%

of the sets were invalid and for the QUS, 5.4%. Fig. 2a shows initial profiles and Fig. 2b profiles after 70 steps. The
higher-order nature of the Bott scheme is apparent.

The frequency of occurrence of invalid sets was determined for an ensemble of 104 test cases systematically covering
a wide range of initial moments sets and flow velocities. Three sets of lognormal distributions were defined. For the first
set, 10 evenly spaced (log scale) values of N on the interval [10−1, 105], 10 evenly spaced (log scale) values of dg on
the interval [0.01, 0.04], and 10 evenly spaced (linear scale) values of �g on the interval [1.1, 2.0] were selected and a
product space grouping yielded 103 distinct distributions.A second set of 103 distributions was similarly obtained where
N spanned [10−1, 104], dg spanned [0.04, 0.16], and �g values were as in set 1. For a third set N spanned [10−1, 103],
dg spanned [0.16, 0.50], and �g values were again as in set 1. With these sets of distributions 103 distinct assignments
of initial moments for a 60-box model were made, where the mth assignment took moments of the mth distribution of
set 1 for box 3, moments of the mth distribution of set 2 for box 4, and moments of the mth distribution of set 3 for
all other boxes. Each of the 103 assignments was combined with each of 10 evenly spaced (linear scale) values of F
on the interval [0.05, 0.95] to provide 104 test cases. Forty-eight advective steps yielded 104 × 60 × 48 = 2.88 × 107

moment sets tested against the two inequalities given in the preceding paragraph. Although the moment set in each
box is initially that of a unimodal lognormal distribution, moment sets of multimodal distributions arise at locations
of spatial gradients as the differing moment sets in adjacent boxes are mixed during update of the moment set for
each box. For the Bott scheme, 3.8% of the sets were invalid and for the QUS, 0.70%. The ensemble average of the
number of invalid sets present increased as integration proceeded with both schemes. If larger univariate or multivariate
moment sets were tracked instead of the simple 4-moment set considered here, greater invalid set frequencies would
have resulted as such moment sets must satisfy a larger number of inequalities and are thus more liable to invalidation.

Three-moment models such as those with lognormal (N, dg, �g) determined from moments are common and statistics
on invalid subsets were obtained for {�0, �1, �2}, {�0, �1, �3}, and {�0, �2, �3}. These subsets are valid if �̄2 − �̄2

1 �0,

�̄3 − �̄3
1 �0, and �̄3 − �̄3/2

2 �0, respectively. Bott scheme (QUS) invalid subset frequencies (%) were 2.5 (0.35), 2.5
(0.30), and 2.3 (0.31) , respectively, less than the 4-moment frequencies but still considerable.

http://www.giss.nasa.gov/tools/modelE
http://www.giss.nasa.gov/tools/modelE
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Fig. 2. Spatial profiles of diameter moments �k(�mk cm−3) for an illustrative case described in Section 2. Panel (a) shows initial profiles and all
other panels show profiles after 70 advective steps. In panels (b)–(h), solid lines are profiles obtained by independent advection of each moment
with the Quadratic Upstream Scheme (QUS). Dashed lines in (b) are profiles obtained by independent advection of each moment with the Bott
scheme. Dashed lines in (c)–(h) are profiles obtained with the QUS in conjunction with (c) number vector transport (NVT, Section 4.1), (d) volume
vector transport (VVT, Section 4.1), (e) number–volume vector transport (NVVT, Section 4.1), (f) fixed-node transport (FNT, Section 4.2.1), (g)
abscissa-weight transport (AWT, Section 4.2.2), and (h) a 2-lognormal replacement scheme (Section 4.3). Ordinates are log-scale and span [102, 108]
for �0, [100, 106] for �1, [10−1, 105] for �2, and [10−2, 104] for �3.

Statistics were also obtained for variant ensembles having reduced gradients. An ensemble with the dg ranges of the
three sets of lognormals reduced to [0.05, 0.10], [0.10, 0.15], and [0.15, 0.20], respectively, and all �g set to 1.8 yielded
decreased (4-moment) invalid set frequencies of 0.63% (Bott) and 0.0023% (QUS). An ensemble without gradients in



D.L. Wright Jr / Aerosol Science 38 (2007) 352–369 357

either dg or �g (and thus normalized moments) yielded no invalid sets with either scheme. These results confirm the
role of gradients in the production of invalid moment sets.

These model experiments characterize invalid moment set generation by advection. Diffusion and convection can
also give rise to invalid sets. If advection alone produced invalid sets, their subsequent mixing with valid ones could
propagate further invalid sets or restore validity to those sets, depending upon the amount of aerosol represented
by an invalid set and the degree to which necessary inequalities were violated. Aerosol sources such as injection of
particles into the model domain and particle formation from gaseous precursors are represented by new valid sets
and tend to restore (validity to) invalid sets upon mixing. Sinks remove valid and invalid sets alike. The impact of
advection-generated invalid sets on the aerosol moment fields is likely to be highly host-dependent.

A thought experiment suggests that if generation of invalid sets were sufficiently infrequent it might be viewed as
a local, transient problem. A host (with three spatial dimensions) is initialized with valid sets and large gradients in
normalized moments. In absence of sources, sinks, and boundary fluxes, mixing through transport eventually leads to a
stationary, well-mixed state. The spatial distribution of moment sets in this state would be that obtained by summing all
moment sets over the domain—thus forming a single domain-sum (valid) set—and assigning the normalized moments
of that domain-sum set to all boxes and apportioning the domain sum of the normalizing moment (number, etc.) over
boxes in proportion to the quantity of air (carrier fluid) in a box. Any production of invalid sets at locales of steep
gradients during early stages of mixing notwithstanding, as the well-mixed state is approached all moment sets tend
toward valid ones.

3. Invalid moment sets and moment methods

Invalid sets pose fundamental mathematical problems for moment methods. Moment evolution equations

d�k

dt
=

∫
Pk(x)f (x) dx +

∫ ∫
Qk(x, y)f (x)f (y) dx dy (5)

are solved with Pk(x) the kernel for one particle processes such as condensation, dry deposition, and gravitational
settling and Qk(x, y) the kernel for coagulation. The right-hand side can be expressed directly in terms of known
moments only in special cases—the closure problem.

Closure methods are herein classified into four types. Type 1 methods assume a distribution functional form with
evolution of its time-dependent parameters determined by evolution of moments (Binkowski & Roselle, 2003; Pratsinis,
1988; Whitby & McMurry, 1997). Type 2 methods assume a functional form for moments in terms of the moment
index k (Barrett & Jheeta, 1996) or otherwise interpolate moments needed for closure (Frenklach & Harris, 1987).
Type 3 methods use quadrature (McGraw, 1997; Barrett & Webb, 1998; McGraw & Wright, 2003; Marchisio & Fox,
2005), and Type 4 methods assume alternate functional forms for the kernels of Eq. (5) (Section 4.4, Terry, McGraw,
& Rangel, 2001). Type 2 and Type 4 methods are free of invalid moment set concerns and will be taken up in Section
4.4. The relative merits of the various closure methods are not discussed here other than with respect to the moment
advection problem under consideration.

Type 1 methods typically use lognormal or modified gamma distributions. Any two normalized moments (k > 0) fix
a lognormal �g, e.g., ln �g = [ln(�̄2/�̄

2
1)]1/2. If the necessary inequality �̄2 − �̄2

1 �0 is not satisfied, ln �g is imaginary.
The modified gamma distribution f (x) = ax� exp(−bxs) with a, b, s, and � positive parameters is used in Hulburt and
Katz (1964) and Barrett and Webb (1998) with s = 1 and b = �̄1/(�̄2 − �̄2

1). If �̄2 − �̄2
1 �0 is not satisfied, b is negative

and f (x) diverges at large x. For any distribution form invalid sets will yield unphysical parameters.
Type 3 methods involve quadrature inversion from 2n moments {�0, . . . , �2n} to n abscissas {x1, . . . , xn} and n

weights {w1, . . . , wn} satisfying the 2n equations

�k =
n∑

i=1

xk
i wi . (6)

Any integral property � of the distribution with kernel p(x) can then be approximated as

� =
∫

p(x)f (x) dx�
n∑

i=1

p(xi)wi . (7)
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The xi can be interpreted as particle sizes (diameters, volumes, etc.) and the wi as concentrations (number, etc.) so all
xi and wi must be non-negative. Solutions to Eq. (6) with non-negative xi and wi do not exist for invalid sets for if
such a solution {x1, . . . , xn, w1, . . . , wn} were to exist it would constitute an n-disperse distribution satisfying Eq. (1).
This difficulty arises for the quadrature method of moments (QMOM, McGraw, 1997) in its original form for which
inversions are required at each integration step of Eq. (5). The Jacobian matrix transformation form of the QMOM
(McGraw & Wright, 2003) and the direct quadrature method of moments (DQMOM, Marchisio & Fox, 2005) directly
track abscissas and weights rather than moments and avoid explicit inversions and moment set validity concerns. For
the same tracked moments in a unit volume both forms of the QMOM and the DQMOM are equivalent. The transported
quantities for the DQMOM are not moments and their use in atmospheric hosts is discussed in Section 4.2.

4. Solutions to the moment advection problem

Solutions to the moment advection problem are now presented. Desiderata are (1) ease of implementation, aided by
advecting moments in like manner as other tracers, (2) permitting quantification of errors associated with solution of this
problem, (3) incorporation within the aerosol module and thus independence of host characteristics, (4) applicability
for arbitrary sets of integral properties including multivariate moment sets, and (5) requiring a minimal number of
tracers.

Solutions were evaluated using two standards of reference. Moment sets obtained with each solution were compared
with sets obtained by independent advection of each moment (‘independent-advection reference’ hereinafter). This
provides a measure of how well the accuracy of an advection scheme designed for transport of independent tracers is
maintained when the scheme is coupled to techniques preserving moment set validity. Such evaluations are to some
extent independent of the accuracy of the advection scheme itself and therefore relevant when the solutions are coupled
to other advection schemes. Moment sets obtained with each solution were also compared with exact results obtained by
uniform translation of initial moment profiles downstream (‘exact reference’ hereinafter). The independent-advection
moment sets were also compared with the exact results. For each standard of reference and each k, the ratio Rk of the
larger to the smaller of the solution and reference �k values was geometrically averaged over all ensemble test cases,
grid boxes, and advective steps and unity subtracted to obtain a measure of error Ek symmetric with respect to over-
and underestimation (Benkovitz & Schwartz, 1997). Table 1 shows Ek values for each solution examined, and the
average value of Ek over the moment set is included as a measure of overall solution accuracy. The Ek values obtained
for solutions coupled to the Bott scheme were somewhat sensitive to the choice of the arbitrary small value used to
replace zero concentrations. With this scheme, a lower bound of 10−10 was applied after each advective step, taken as
the smallest physically significant value of any of the moments in the set {�0, �1, �2, �3}, and calculated as the value
of �3 for a population of particles each of 1-nm diameter and having the threshold number concentration (0.1 cm−3).
Decreasing the lower bound to 10−20 increased the Ek values, but had little impact on the relative accuracy among the
various solutions. The intent of this study was to evaluate approaches to moment advection for each advection scheme
in its own right, and proximate statements of solution errors for the two schemes are not intended to suggest comparison
of the advection schemes themselves.

4.1. Augmented advection schemes for moment sets—vector transport

Any advection scheme can be augmented to avoid generation of invalid sets while leaving treatment of other tracers
unchanged. Four steps describe the approach. Operator splitting in x, y, and z is assumed and one dimension is discussed;
without operator splitting implementation is more complicated.

First, choose a normalizing moment. If moments of the number distribution are modeled �0 is the natural (but not
only) choice and is assumed in describing steps 2–4. Second, normalize all other tracked integral aerosol properties
� (moments, chemical concentrations, etc.) by �0 to obtain intensive properties �̄. Third, advect �0 in like manner as
other tracers and store its fluxes. Fourth, use the fluxes and initial �0 values to determine the fractional contributions
fi−1, fi , and fi+1 (fi−1 +fi +fi+1 = 1) of boxes i − 1, i, and i + 1 to the updated �0 of box i. All intensive properties
are then updated as

�̄(t + �t) = fi−1�̄i−1(t) + fi�̄i (t) + fi+1�̄i+1(t). (8)
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Table 1
Error statistics for solutions to the moment advection problem for the ensemble of 104 test cases

Solutions with the Bott scheme E0,Bott E1,Bott E2,Bott E3,Bott Eave E0,exact E1,exact E2,exact E3,exact Eave

Number vector transport 0.000 0.066 0.137 0.252 0.114 0.660 0.431 0.327 0.374 0.448
Volume vector transport 0.163 0.097 0.045 0.000 0.076 0.746 0.446 0.309 0.354 0.464
Number-volume vector transport 0.000 0.115 0.128 0.000 0.061 0.660 0.492 0.426 0.504 0.521
Fixed-node transport (a) 0.041 0.046 0.059 0.103 0.062
Fixed-node transport (b) 0.059 0.229 0.228 0.133 0.163 0.689 0.638 0.500 0.420 0.562
Abscissa-weight transport 0.001 0.097 0.113 0.012 0.056 0.667 0.475 0.394 0.492 0.507
2-lognormal replacement 0.000 0.117 0.107 0.000 0.056 0.660 0.542 0.461 0.504 0.542
1-lognormal replacement 0.000 0.082 0.057 0.000 0.035 0.660 0.521 0.402 0.504 0.522
Independent advection 0.660 0.442 0.364 0.504 0.493

Solutions with the QUS E0,QUS E1,QUS E2,QUS E3,QUS Eave E0,exact E1,exact E2,exact E3,exact Eave

Number vector transport 0.000 0.055 0.103 0.159 0.079 0.107 0.101 0.133 0.206 0.137
Volume vector transport 0.459 0.216 0.071 0.000 0.186 0.531 0.238 0.095 0.052 0.229
Number-volume vector transport 0.000 0.085 0.080 0.000 0.041 0.107 0.132 0.111 0.053 0.101
Fixed-node transport (a) 0.008 0.008 0.006 0.005 0.007
Fixed-node transport (b) 0.025 0.180 0.166 0.027 0.099 0.130 0.235 0.201 0.078 0.161
Abscissa-weight transport 0.000 0.066 0.066 0.000 0.033 0.107 0.109 0.094 0.053 0.091
2-lognormal replacement 0.000 0.002 0.002 0.000 0.001 0.107 0.056 0.040 0.053 0.064
1-lognormal replacement 0.000 0.001 0.001 0.000 0.000 0.107 0.055 0.040 0.053 0.064
Independent advection 0.107 0.055 0.040 0.053 0.064

Solutions are described in Section 4. For each moment, the ratio Rk of the larger to the smaller of the solution and reference �k values was
geometrically averaged over all test cases, grid boxes, and advective steps and unity subtracted to obtain the measure of error Ek . For solutions with
the Bott scheme (QUS), Ek values calculated with respect to reference results obtained by independent advection of each moment with the Bott
scheme (QUS) are denoted Ek,Bott (Ek,QUS), and averages over k are listed as Eave. The Ek values calculated with respect to exact results for advected
moments are denoted Ek,exact and averages over k are also listed as Eave. The Ek values calculated for moments obtained by independent advection
with respect to exact results are also given. For fixed-node transport, entry (a) contains statistics on the equivalence of advection of moments and
advection of surrogate quantities for moments for the variant ensemble described in paragraph 2 of Section 4.2.1; entry (b) contains statistics for
the basecase ensemble appropriate for comparison with other solutions and discussed in paragraph 3 of Section 4.2.1.

The �̄ are updated as each transport operator is applied and the aerosol module reconstructs the full � for microphysics.
Each normalized property �̄ can be viewed as a unit vector in an abstract space with the normalizing moment fixing
vector length. Normalization by �0 yields ‘number vector transport’ (NVT) and by �3 ‘volume vector transport’ (VVT).
As the fourth step averages valid sets, vector transport always yields valid sets.

Profiles obtained with NVT and VVT in conjunction with the QUS are shown in Fig. 2c and d for the 20-box
illustration described in Section 2. Both NVT and VVT profiles show a phase error relative to profiles obtained by
independent transport of each moment, an error that increases with the magnitude of the difference between the moment
index k and the index of the normalizing moment. Ensemble statistics are shown in Table 1. Trends in Ek with k are
consistent with errors visible in Fig. 2 for NVT and VVT. Both methods conserved domain sums of moments with
errors solely in spatial distribution. For the Bott scheme, VVT matched the independent-advection reference more
closely than NVT, but for the QUS the converse was true. A degree of anticorrelation between number concentration
and particle size in the ensemble (and atmosphere) tends to yield lesser gradients in higher-order moments than in
lower-order ones, and lesser gradients in �3 than in �0 might account for the better accuracy of the �3-normalized VVT
relative to the �0-normalized NVT with the Bott scheme.

NVT coupled with VVT and transforms preserving moment set validity yielded a ‘number-volume vector transport’
(NVVT) scheme with independent advection of �0 and �3. Fig. 3 accompanies the NVVT procedure now described.
An NVT advective step yields normalized moments �̄NVT

k and moments �NVT
k (B) while a concurrent VVT step with

a distinct moment set yields �̄VVT
k and �VVT

k (C). In this illustration NVT overestimates moments 1, 2, and 3 while
VVT underestimates moments 0, 1, and 2 relative to reference �k(A). Rescaling �NVT

k (B) by [�3(A)/�NVT
3 (B)]k/3

yields �NVT
k (D) and leaves �NVT

0 unchanged and forces �NVT
3 (D) to match �3(A). This rescaling is mathematically

equivalent to changing moment units from �mk cm−3 to �k cm−3 for � a suitably chosen length scale and preserves
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Fig. 3. Illustration of the number–volume vector transport (NVVT) scheme (Section 4.1). After a number vector transport (NVT) advective step
yields the moments of curve B and a concurrent volume vector transport (VVT) step with a distinct moment set yields the moments of curve C, a
sequence of transforms that preserve moment set validity leads to the moments of curve H as an approximation to the reference moments of curve
A. The transforms are described in the text. The moments of curves F and G were averaged with equal weighting for this illustration.

set validity. Similarly, rescaling �VVT
k (C) by [�0(A)/�VVT

0 (C)](3−k)/3 yields �VVT
k (E) and leaves �VVT

3 unchanged
and forces �VVT

0 (E) to match �0(A). The �NVT
k (D) and �VVT

k (E) are then averaged to yield �NVVT
k (F). Tests showed

�NVVT
1 (F) and �NVVT

2 (F) biased low. Moments �mono
k (G) of the monodisperse distribution with number concentration

�0(A) and volume concentration 	�3(A)/6 are constructed and a weighted average of �NVVT
k (F) (85%) and �mono

k (G)

(15%) removes most of the bias and yields the (final) NVVT moments �NVVT
k (H).

Profiles obtained with NVVT in conjunction with the QUS are shown in Fig. 2e for the 20-box illustration of Section
2 and ensemble statistics are shown in Table 1. With respect to the independent-advection reference, overall NVVT
accuracy was greater than that of NVT or VVT for both advection schemes. With respect to the exact reference, NVVT
coupled to the QUS was again more accurate than NVT or VVT, but coupled to the Bott scheme, solution errors
were dominated by those in the advection scheme itself and consequently all vector transport schemes showed similar
accuracy. NVVT does not precisely conserve domain sums of �1 and �2. For each test case the ratio Rk,domain =∑

�k(final)/
∑

�k(initial) was calculated and for each k the geometrical average R̄k,domain over all test cases is shown
in Table 2.

NVT extended to include diffusion and convection has been implemented for 6-moment sets in three hosts: the
global chemistry model driven by observation-derived meteorology (Wright et al., 2000) employing a variant (Easter,
1993) of the Bott scheme, the multiscale air quality simulation platform (Yu et al., 2003) employing the Bott (1989a,
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Table 2
Conservation statistics for domain sums of �1 and �2 for the ensemble of 104 test cases for solutions not precisely conserving these domain sums

Solution method R̄1,domain R̄2,domain

Bott
Number–volume vector transport 0.981 1.006
Abscissa–weight transport 1.135 1.082
2-lognormal replacement 0.924 0.963
1-lognormal replacement 0.963 0.975

QUS
Number–volume vector transport 0.916 0.967
Abscissa–weight transport 1.126 1.098
2-lognormal replacement 0.993 0.996
1-lognormal replacement 0.996 1.000

For each test case the ratio Rk,domain = ∑
�k(final)/

∑
�k(initial) was calculated along with its ensemble geometrical average R̄k,domain.

1989b) scheme, and a host employing the semi-Lagrangian scheme of Lin and Rood (1996), which does not fully split
into one-dimensional operators. Each implementation required reverse engineering of the computer code for each host
transport process. A desire to avoid this considerable host-specific task initiated the present search for more easily
implemented means of moment transport.

Vector transport is very efficient when there are a large number of tracked variables per particle population since each
normalized variable �̄ is updated with few operations [Eq. (8)] once the normalizing moment has been transported—bin
sectional modules requiring transport of one to several variables for each of eight or more size bins for each of
several populations could benefit greatly. Vector transport also directly extends to multivariate moment sets and other
properties (e.g., concentrations of multiple chemical components) for which normalization by the transported moment
is appropriate. For schemes storing several quantities for each tracer advected, such as the QUS with its nine spatial
moments per tracer (in three-dimensional applications), the reduced number of tracers required by vector transport
greatly reduces storage requirements.

4.2. Transport of surrogate quantities for moments

Representing moments with independent extensive quantities during transport precludes generation of invalid sets.
Simple upstream advection of the quantities 
j,i for box i can be expressed as


j,i (t + �t) = ci−1
j,i−1(t) + ci
j,i (t) + ci+1
j,i+1(t) (9)

with the ci the same for all tracers. If the �k,i could be expressed as linear functions of the 
j,i with coefficients hk,j

then

�k,i(t + �t) =
∑
j

hk,j
j,i (t + �t) =
∑
j

hk,j [ci−1
j,i−1(t) + ci
j,i (t) + ci+1
j,i+1(t)]

= ci−1

∑
j

hk,j
j,i−1(t) + ci

∑
j

hk,j
j,i (t) + ci+1

∑
j

hk,j
j,i+1(t)

= ci−1�k,i−1(t) + ci�k,i(t) + ci+1�k,i+1(t) (10)

and transport of the 
j,i would be equivalent to transport of the �k,i . Moment transport through non-negative independent
extensive surrogates 
j (dropping the box index i) relies on this equivalence even with higher-order advection schemes.
This equivalence is examined in Section 4.2.1. The 
j are transformed to �k for microphysical calculations. Three types
of surrogate transport for moments are now described, although only the first relies on Eq. (10).
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4.2.1. Fixed-node transport
For n moments and n fixed ‘nodes’ a set of n constant intensive quantities {�̄k,j } for each node j can be defined such

that the moments are linear functions of n extensive coefficients {
j }

�k =
n∑

j=1


j �̄k,j (11)

with 
j a number (volume, etc.) concentration and {�̄k,j } a normalized ‘basis’ moment set for node j that is the same
for all grid boxes in the host domain. For diameter moments a simple choice is �̄k,j = dk

j , the normalized moments
of a monodisperse distribution of diameter dj . For n = 2 the set {�̄k,j } can be chosen to permit exact solution of
Eq. (11) for the 
j , but for larger n a set {�̄k,j } permitting exact solution with 
j �0 for all occurring sets {�k} does
not exist. With n = 4 and dj logarithmically spanning [0.01, 1.0]�m, nodes are spaced by a factor of 1001/3 = 4.64
and moments of narrow distributions lying entirely between two adjacent nodes cannot be exactly represented. In such
cases a non-linear search can locate a set {
j } approximately yielding the �k for chosen �̄k,j .

The assumed equivalence of surrogate and moment advection was examined for ‘fixed-node transport’ (FNT) and a
variant ensemble. Each initial moment set {�k} of the original ensemble was transformed to a set of number concentra-
tions {
j } with �̄k,j = dk

j and dj spanning [0.01, 1.4]�m. Initial 
j for non-linear searches were obtained by (exact)
solution of Eq. (11), taking the absolute value of each 
j , and rescaling each |
j | by �0/

∑
j |
j |. Searches minimized

3∑
k=0

⎡
⎣qk

⎛
⎝ n∑

j=1

(
1/2
j )2�̄k,j − �k

⎞
⎠/

�k

⎤
⎦

2

(12)

with respect to 
1/2
j to yield positive-definite 
j =(
1/2

j )2 with weightings qk for k={0, 1, 2, 3} set to {0.35, 0.15, 0.15,

0.35}. As moments �k(
j ) calculated from Eq. (11) with retrieved 
j did not exactly match the �k of the original
ensemble, independent-advection reference results for the variant ensemble were obtained using the �k(
j ) as initial
moments. Ensemble statistics are shown in Table 1. Moments obtained with FNT and the QUS gave Ek values relative to
the variant reference of 0.5–0.8%, showing near equivalence of fixed-node surrogate advection and direct advection of
moments. FNT with the Bott scheme gave Ek values of 4–10%. Domain sums of moments were conserved (R̄k,domain=0)

with FNT with both schemes.
Profiles obtained with FNT in conjunction with the QUS are shown in Fig. 2f for the 20-box illustration of

Section 2. FNT was also evaluated for the original ensemble for comparison with other solutions despite differences in
initial moments when non-linear searches were required. Non-linear searches were required for 97% of the ensemble
initial moment sets and yielded average errors of 1–2% in �0 and �3 and 14–17% in �1 and �2. Ensemble statistics are
shown in Table 1. With the Bott scheme, FNT accuracy with respect to both references was less than that of all other
solutions, but mitigating factors in atmospheric hosts will be discussed below. Similarly with the QUS, FNT accuracy
was less than that of all other solutions except VVT.

FNT permits transport of surrogates in like manner as other tracers, implementation within the aerosol module, and
quantification of �k → 
j transform errors when non-linear searches are done. It is applicable for any integral property
for which a suitable basis set can be defined. The computational burden of non-linear searches can be greatly reduced
(and possibly eliminated) through precalculated lookup tables (see Section 4.4 for table design) providing accurate
initial guesses for the 
j for each possible moment set. The FNT inaccuracies shown in Table 1 for the ensemble are
mitigated in atmospheric hosts by three factors. First, new particles from nucleation and particulate emissions would
enter hosts at node sizes and thus permit (in absence of other processes) exact �k ↔ 
j transforms. Second, after
transport, and after the exactly solvable 
j → �k transform is done in preparation for microphysical evolution of
the �k , slow evolution through coagulation at ambient particle concentrations would (in absence of other processes)
permit the subsequent �k → 
j transform to be accurate. Third, rapid condensational growth of small particles would
likely be the greatest source of narrow between-node distributions and errors associated with non-linear searches, but
recent parameterizations (Kerminen & Kulmala, 2002; Kerminen,Anttila, Lehtinen, & Kulmala, 2004) of small-particle
dynamics potentially eliminate the need to explicitly model early growth of new particles. Evaluation in hosts with all
process operators active would be especially informative with FNT.
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4.2.2. Abscissa-weight transport
For 2n moments the DQMOM requires transport of quadrature weights {w1, . . . , wn} and weighted abscissas

{w1x1, . . . , wnxn}, independent extensive quantities yielding valid moment sets through Eq. (6). In a CFD context,
Marchisio and Fox (2005) emphasize terms (“C�” therein) in transport equations for the wi and wixi that depend upon
diffusion coefficients and gradients in xi , terms essential if transport of the wi and wixi is to be equivalent to transport
of moments. Moments can be rapidly obtained from the wi and wixi for microphysical evolution, and this approach to
transport can be used in conjunction with aerosol modules using any type of moment method.

The construction of C�-type terms appropriate for the processes and operator structure of atmospheric hosts has not
been investigated. As a variant of the DQMOM approach, an ‘abscissa-weight transport’ (AWT) scheme neglecting
C�-type terms was defined and evaluated. For diameter moments {�0, �1, �2, �3} surrogate quantities {w1, w2} and
{w1d

3
1 , w2d

3
2 } are advected, chosen for accurate transport of �0 and �3. After each advective step abscissas are obtained

as di = [(wid
3
i )/wi]1/3 and then �1 and �2 from Eq. (6).

Profiles obtained with AWT in conjunction with the QUS are shown in Fig. 2g for the 20-box illustration of
Section 2. The large errors visible for �1 and �2 are not representative of overall AWT accuracy. Ensemble statis-
tics are shown in Table 1. With both advection schemes, the accuracy of AWT with respect to both references was
similar to that of NVVT, and was better than that of NVT or VVT except for the Bott scheme with respect to the exact
reference. Domain sums of �1 and �2 were on average ∼ 10% too high (Table 2) with AWT for both advection schemes.
Small errors in �0 and �3 with respect to the independent-advection reference were a result of the fact that advection of
a total quantity in two parts followed by summation is not precisely equivalent to advection of the single total quantity.

AWT permits transport of surrogates in like manner as other tracers, incorporation within the aerosol module, and
easy implementation through quadrature inversions for modules evolving moments—the inverted moment sets are
produced within the module and thus valid. Extension to multivariate moment sets is possible provided appropriate
multivariate inversions can be devised (Wright, McGraw, & Rosner, 2001; McGraw & Wright, 2003). The AWT scheme
evaluated here uses one advected tracer per tracked moment and thus requires at least twice as many tracers as equally
accurate but more difficult to implement NVVT.

4.2.3. Alternative integral properties to moments and weakly constrained moment sets
Consider the set {�0, �1, �2, �3} with �1 and �2 defined as the integrals of the smooth kernels g1(x) and g2(x) over

the size distribution. Choosing gk(x) as xk yields the k = 0–3 moments. Do alternative choices of gk(x) exist such that
the resulting set is free of or only weakly subject to intraset constraints such as those of Eq. (2) for moments? If so an
aerosol model might be built for the quantities {�0, �1, �2, �3}. Evolution equations for the �k would be obtained in like
manner as those for the �k , i.e. by multiplying the aerosol general dynamic equation by gk(x) and integrating over x. The
resulting integrals over the size distribution could be approximated via Eq. (7) using a quadrature solving the nonlinear
system (assumed solvable) consisting of Eq. (6) for �0 and �3 and Eq. (7) for �1 and �2. Alternatively, the transform
(assumed possible) {�0, �1, �2, �3} → {�0, �1, �2, �3}could be made (with perhaps as intermediary the quadrature
{w1, w2, x1, x2} obtained as just described), the moment equations integrated, and the inverse transform done. If this
stratagem were feasible it could yield an integral-property aerosol model transporting independent quantities free of
intraset constraints. ‘Integral’ here implies that gk(x) is not extremely narrow for otherwise a size-resolved model
results. The alternative set might represent the aerosol as effectively as moments for retrieval of the optical properties
important in atmospheric hosts.

Even if the parenthetic assumptions above were valid this stratagem would not likely succeed. With number concen-
tration (�0) and mean volume (	�3/6�0) fixed, it is difficult to identify smooth functions gk(x) that yield unconstrained
properties �k . A first tracked moment specifies the quantity of aerosol present. A second normalized by the first yields
a first intensive property. Additional intensive properties (defined as ratios of extensive properties) of the size spectrum
will not be independent of the first. Thus intraset constraints are not unique to moments but exist within any set of three
or more integral quantities where each quantity is obtained from a smooth kernel.

Smoothness of the kernels gk(x) results in overlap of the integrands gk(x)f (x) which in turn gives rise to intraset
constraints—i.e. properties of one (distinct) portion of the size spectrum impose no constraint upon those of another.
This suggests that integrand overlap can be reduced and constraints weakened by appropriate selection of tracked
integral properties. The moment integrands xkf (x)—for which larger particles become increasingly important as k
increases—show less overlap as spacing of the k-values increases—e.g., the volume distribution overlaps the number
distribution less than it does the surface area distribution. Weakening of intraset constraints was examined for a sequence
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of 3-moment sets {�0, �1, �n}, n = 2–9, using additional variant (wrt the moments tracked) ensembles and the QUS.
The validity condition for each set is �̄n − �̄n

1 �0. For n = 2, 3, 4, 5, 6, 7, 8 and 9 the frequency (%) of invalid sets was
0.35, 0.30, 0.19, 0.091, 0.069, 0.061, 0.050 and 0.042, showing the anticipated reduction in frequency. If invalid sets
were simply to be replaced upon detection (Section 4.3), consideration of integrand overlap could assist selection of
favorable moment sets for tracking.

4.3. Replacement or correction of invalid moment sets

Invalid moment sets generated by any model process can be replaced by similar valid ones upon detection.
A ‘2-lognormal’ scheme preserving �0 and �3 was evaluated for the ensemble and the set {�0, �1, �2, �3}. The subsets
{�0, �1, �3} and {�0, �2, �3} fixed (N, dg, �g) for two lognormals whose moments were averaged to provide a replace-
ment set. Lognormal �g’s were confined to [1.05, 3.0] to handle invalid subsets and improve accuracy. Invalid sets were
replaced at each occurrence and the simulation resumed.

Profiles obtained with the 2-lognormal scheme in conjunction with the QUS are shown in Fig. 2h for the 20-box
illustration of Section 2. Ensemble statistics are shown in Table 1. Errors (Ek) in �1 and �2 with respect to the
independent-advection reference were 11% for the Bott scheme and 0.2% for the QUS. Domain sums of �1 and �2
were not precisely conserved and R̄k,domain values are shown in Table 2.

The community multiscale air quality (CMAQ) modeling system is a widely used research and regulatory host
incorporating a Type 1 moment module tracking {�0, �2, �3} (Binkowski & Roselle, 2003). It uses a lognormal re-
placement scheme preserving �0 and �3 and confining �g to [1.05, 2.5] by adjusting �2 for invalid or unphysical moment
sets. Ensemble statistics for this ‘1-lognormal’ scheme with �1 derived from the replacement lognormal are shown in
Table 1. The accuracy of the 1-lognormal scheme (with respect to the independent-advection reference) slightly ex-
ceeded that of the 2-lognormal scheme for both advection schemes. Gradients tend to increase with decreasing moment
index (Section 4.1) and steeper gradients in �1 than in �2 may account for the greater accuracy of 1-lognormal replace-
ment using only {�0, �2, �3} than 2-lognormal replacement with its additional {�0, �1, �3} subset. Errors (E2) in �2
(with respect to the independent-advection reference) for the Bott scheme (QUS) were 6% (0.1%).

The lognormal replacement schemes tracked independent moment advection more closely than any other solution
for both advection schemes. They are trivial to implement and make quantifiable adjustments to moment sets, statistical
measures of which are easily obtainable in hosts.

If an advection scheme yields invalid sets as a result of severe inaccuracies in only 1 or 2 moments, those moments can
be identified as outliers in the moment sequence through difference tables and corrected while leaving other moments
in the set unchanged. This is attractive for sets consisting of a sequence of ∼ 6 or more moments for which outliers
can be effectively identified. Details are given in McGraw (2006).

Replacement or corrected sets can displace invalid sets or be used solely to obtain right-hand sides of moment
equations and derivative (e.g., optical) properties. The latter use imposes no spurious perturbation on the set (and thus
domain sums) and allows subsequent transport and mixing to (potentially) restore set validity.

4.4. Closure methods insensitive to invalid moment sets

Many individual moments or ratios of moments represent important aerosol properties in their own right independent
of membership in a set. Moment fields largely accurate but not free of invalid sets might be acceptable if (1) assessment
of net aerosol influence (climate change, air quality) is the goal, (2) replacement of invalid sets in calculation of optical
properties is satisfactory, and (3) microphysical evolution can be modeled.

Moment methods exist that do not rely upon the existence of an underlying distribution and consequently have no
particular sensitivity to moment set validity. For 2n moments, Barrett and Jheeta (1996) took ln �k as a polynomial of
order 2n−1 in moment index k to interpolate moments needed for closure. Polynomial fitting in k does not require valid
sets. Barrett and Jheeta (1996) found that higher-order polynomials improve accuracy over the quadratic (lognormal)
approximation. Kernels for one particle processes must be representable as Pk(x) = ∑

j ak,j x
�j with ak,j and �j real

numbers.
Atmospheric hosts require kernels spanning the full size spectrum for condensation, coagulation, wind-driven (dry)

deposition and gravitational settling, kernels not exactly representable in this form. This section presents a new closure
scheme fitting these kernels with the �j necessarily restricted to the k-values of the moment set tracked, but the method
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of Barrett and Jheeta (1996) with arbitrary real �j offers greater flexibility in fitting the kernels and merits further
exploration in light of the moment advection problem.

A closure scheme insensitive to invalid sets was devised using Lagrange polynomial interpolation (LI, Press, Teukol-
sky, Vetterling, & Flannery, 1992) of the kernels. This is in contrast to Type 2 approaches, which interpolate moments.
For Pk(x) = ∑2n−1

j=0 ak,j x
j exact for 2n selected values of x evenly spaced on the interval [xL, xU] the 2n moment

equations d�k/dt =∑2n−1
j=0 ak,j�j are closed. The points xL and xU are determined solely from tracked moments. A LI

scheme was examined in box-model calculations for (1) accuracy with appropriate xL and xU provided, (2) sensitivity
to xL and xU, and (3) determination of xL and xU when invalid sets are potentially present.

LI and QMOM accuracies were compared for condensation and combined deposition and settling in radius space
(x=r) for n=2, 3 with the 2n selected values of r logarithmically spaced and rL and rU taken as the smallest and largest
quadrature abscissas from inversion of the (here valid) LI moment set. Moments of a superposition of three lognormal
modes of varying (N, rg, �g) provided initial sets for each of 27 test cases constructed by product space grouping as in
Section 2. Kernels and test cases are described in the Appendix. For condensation, LI polynomials (obtained with aid
of the polcof routine of Press et al., 1992) were updated at each integration step as the distribution advances through
size space; for deposition and settling the polynomials were constant. Highly accurate results for moment evolution
were obtained with a discrete distribution model with 5000 particle sizes for condensation and 1000 for deposition and
settling. Each case simulated a 24-h period. The magnitude of relative error was averaged over all integration steps, test
cases, and 2n moments to yield error measures EQMOM(%) and ELI(%); results are presented as (n, EQMOM, ELI). For
condensation the measures were (2, 0.094, 0.093) and (3, 0.030, 0.030) and for deposition and settling (2, 1.8, 1.8)

and (3, 1.2, 1.3). Thus, suitable rL and rU give the LI scheme the accuracy of quadrature for these kernels.
Sensitivity of LI accuracy to rL and rU was examined with variant simulations in which rUwas taken as 1.2 times

the largest abscissa and rL the smallest abscissa divided by 1.2. Deposition and settling gave measures (2, 1.8, 1.0) and
(3, 1.2, 1.0), showing increased LI accuracy. Condensation sometimes yielded narrow distributions for which rU�rL;
consequently, imposing rU/rL > 1.22 created spurious errors that invalidated this test. Errors should decrease with
time as the distribution narrows yet in some cases grew rapidly toward the end of the integration. Thus the measures
obtained, (2, 0.094, 0.72) and (3, 0.030, 0.43), at best indicate upper limits on the sensitivity of the LI scheme to rL
and rU for condensation.

If LI is to offer a solution to the moment advection problem, it must not rely upon quadrature inversions to obtain rL
and rU during host execution, as invalid sets are not invertible. For the small moment sets (3–6 moments) most important
for atmospheric hosts, rL and rU can be robustly provided by precalculated lookup tables. For n = 2 and with �̄0 unity,
�̄1, �̄2, and �̄3 can serve as continuous indices to tables TL and TU of rL and rU. Moment interrelationships lead to an
irregular table design as now described. For �̄1 a range [�̄1,min, �̄1,max] was set to [0.01, 1.0]�m and 100 log-spaced
values �̄1,i were defined. For each �̄1,i a range [�̄2,i,min, �̄2,i,max] was set to [1.01�̄2

1,i , 11.3�̄2
1,i] and 50 (log-spaced)

values �̄2,i,j defined. For each �̄1,i and �̄2,i,j a range [�̄3,i,j,min, �̄3,i,j,max] was set to [1.01�̄2
2,i,j /�̄1,i , 11.5�̄2

2,i,j /�̄1,i]
and 100 values �̄3,i,j,k defined. For each of the 100 × 50 × 100 sets {1, �̄1,i , �̄2,i,j , �̄3,i,j,k}, rL and rU were set to the
smaller and larger of the quadrature abscissas and stored in TL and TU. During integration of the moment equations,
table indices (I, J, K) for the set {1, �̄1, �̄2, �̄3} were identified at each step as

I = NINT[ln(�̄1/�̄1,min)/X1] + 1,

J = NINT[ln(�̄2/�̄2,i,min)/X2] + 1,

K = NINT[ln(�̄3/�̄3,i,j,min)/X3] + 1 (13)

with NINT the nearest integer function and X1, X2, and X3 the constant table spacings in ln �̄1, ln �̄2, and ln �̄3.
Indices I and K were limited to [1, 100] and J to [1, 50] as invalid sets produce values outside these ranges, and rL
and rU were taken as TL(I, J, K) and TU(I, J, K). For the set of 27 test cases, error measures for condensation were
(2, 0.094, 0.13) and for combined deposition and settling (2, 1.8, 1.7). Retrieval of tabular rL and rU rather than direct
quadrature inversion had little impact on LI accuracy.

These results demonstrate the accuracy of the LI scheme for the processes considered, but further investigation is
needed before a comprehensive assessment of the merits of the LI scheme relative to other methods can be made.
Straightforward LI for the coagulation double integral requires two-dimensional polynomial forms and is left to future
work. Explicit treatment of ultrafine particle dynamics can be avoided in most host applications, and in the absence
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of large concentrations of small particles coagulation will be slow and sufficient accuracy likely attainable. Direct
extension of LI to 6-moment sets through five-dimensional lookup tables would be demanding of computer memory,
but the three-dimensional tables TL(I, J, K) and TU(I, J, K) indexed with only three normalized moments may be
suitable even for larger moment sets.

The QMOM might avoid inversion problems due to invalid sets by retrieving tabular abscissas and weights in like
manner as the LI scheme retrieves rL and rU. The success of LI with tabular rL and rU likely depends on its weak
sensitivity to rL and rU. QMOM accuracy with moments computed from tabular ri and wi as �k = ∑n

i=1 rk
i wi would

need evaluation as table resolution is limited by storage requirements.

5. Summary and concluding remarks

Generation of invalid moment sets through independent advection of each moment was characterized in one dimen-
sion for two advection schemes representativeve of those in Eulerian atmospheric models. Invalid sets were produced
at significant frequencies (�0.7%) for both schemes and pose fundamental mathematical problems for standard mo-
ment methods. Several solutions to this problem were described and evaluated for ensembles of test cases spanning a
wide range of initial moment sets and flow velocities and accurate moment transport was obtained with a number of
approaches. A new moment closure scheme insensitive to invalid sets and matching the accuracy of quadrature was
presented and evaluated for condensation, dry deposition, and gravitational settling, with extension to coagulation left
to future work. A few concluding remarks follow.

Assessment of invalid moment set generation is needed within comprehensive hosts where the mitigating or exacer-
bating effects of other processes can be included. One-dimensional studies are useful to characterize the problem and
examine potential solutions, but the severity of the problem in two- and three-dimensional integrated models requires
assessment in each host.

Several criteria useful in assessing the merits of various solutions to the moment advection problem were given in
the first paragraph of Section 4. For the implementation of a particular moment-based aerosol module in a particular
host, more than one of the solutions examined may be attractive. No one solution is expected to be the optimal choice
for every application. The intent of this study was to provide a number of alternatives from which the model builder
can choose. If ease of implementation and accuracy are most important, a simple lognormal replacement scheme may
be appropriate, and in any event, implementing this scheme first and obtaining statistics to assess the severity of invalid
set generation before proceeding to other solutions is perhaps a good starting point.

Easy interchange among variant process (operator) modules is important in atmospheric hosts. Vector and fixed-node
transport facilitate this interchange as they are suitable for both moment and bin sectional aerosol modules. For large
numbers of aerosol variables with either module type, the efficiency and lesser storage of vector transport may merit
the task of implementation.

Two-moment models are always free of invalid sets. Upadhyay and Ezekoye (2003) point out difficulties with 2-
and 3-point quadrature for the narrow distributions formed by condensational growth of newly formed particles in
aerosol reactors and found the accuracy of the 2-moment 1-point QMOM surprisingly good. The relative merits of
tracking n 2-moment sets versus a single 2n-moment set should be examined for the specific aerosol types represented
in atmospheric hosts and the goals of host applications. A 2n-moment set will have advantages in evolution of size-
coordinate aspects, but n 2-moment sets may be preferable when different parts of the size spectrum have different
chemical composition.

Minimizing numerical diffusion and preserving moment set validity appear contrary in that the latter suggests
transport of the aerosol as a single entity (as in vector transport) while the former is favored by independent advection
of each moment. New advection schemes designed to preserve moment interrelationships would permit model builders
to utilize the full power of moment methods unhampered by moment set validity concerns, but such schemes may be
difficult to devise.
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Appendix A. Kernels for condensation and combined dry deposition and gravitational settling

The condensation kernel for �k included the Fuchs–Sutugin transition-regime expression for the particle growth rate
(dr/dt) (derived from Eqs. 12.3 and 11.34 of Seinfeld & Pandis, 1998)

P cond
k (r) = krk−1 dr

dt
= krk−2D

�particle

(
1 + Kn

1 + 0.377Kn + 1.33Kn(1 + Kn)/�

)
(�v − �v,0) (A.1)

with D the diffusivity of the condensing vapor (treated as H2SO4) in air (set to 10−5 m2 s−1), �v the vapor concentration
(set to 1.63 × 10−10 kg m−3, equivalent to 109 molecules cm−3 and sufficient for rapid particle growth), �v,0 the vapor
concentration at the particle surface (set to zero), �particle the particle density (set to 1500 kg m−3), Kn the Knudsen
number �a/r with �a the mean free path of the vapor in air (set to 0.0663 �m), and � the mass accommodation coefficient
(set to unity).

The dry deposition kernel for �k was

P
ddep
k (r) = −rkvd(r)/�z (A.2)

with �z the thickness of the lowest vertical layer of the host model (set to 100 m) and vd(r) the particle deposition
velocity (m s−1) including gravitational settling. The deposition velocity (Eq. 20.11 of Jacobson, 2005, the source of
all subsequent cited equations) was

vd(r) = 1

Ra + Rb + RaRbvg
+ vg (A.3)

with gravitational settling velocity (Eq. 20.4)

vg = 2r2(�particle − �a)g

9
a
G (A.4)

with �a the density of air (set to 1.225 kg m−3), g the acceleration due to gravity (m s−2), 
a the dynamic viscosity of
air (set to 1.79 × 10−5 kg m−1 s−1), and G the Cunningham slip-flow correction (Eq. 15.30)

G = 1 + Kn[1.249 + 0.42 exp(−0.87/Kn)]. (A.5)

In Eq. (A.3), Ra is the aerodynamic resistance (s m−1), calculated using Eqs. 20.12 and 8.38 (stable conditions, with
z0,q replacing z0,h) as

Ra = 1

kvu∗

[
Prt ln

zr

z0,q

+ �h

L
(zr − z0,q)

]
(A.6)

with kv the von Karman constant (set to 0.4), u∗ the friction wind speed (set to 0.15 m s−1), Prt the turbulent Prandtl
number (set to 0.95), zr a reference height (set to the typical value of 10 m), z0,q the surface roughness length (m)
for a particle of radius r, calculated as Dr/(kvu

∗) (Eq. 8.13 for particles) with Dr the particle diffusion coefficient
(m2 s−1)kBTG/(6	r
a) (Eq. 15.29) with T = 298.15 K, �h a constant (set to 7.8), and L the Monin–Obukhov length
(set to 5 m). The resistance to molecular diffusion Rb (s m−1) was calculated as (Eq. 20.14)

Rb = (Sc/Pr)2/3

kvu∗ ln
z0,m

z0,q

(A.7)

with Sc the particle Schmidt number 
a/(�aDr), Pr the dimensionless Prandtl number 
acp,m/�a with cp,m the heat
capacity of air (set to 1007 J kg−1 K−1) and �a the thermal conductivity of air (set to 2.53 × 10−5 W m−1 K−1), and
z0,m the length scale (m) for momentum taken as 0.11
a/(�au

∗) (Eq. (8.9)). The wind speed implicit in this choice of
parameters is 9.7 m s−1.
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Appendix B. Initial moment sets for the test cases of Section 4.4

Initial moments for the 27 test cases were obtained in similar manner to those of the ensemble described in Section
2. Three sets of 27 lognormal distributions each were defined. For the first set, three evenly spaced (log scale) values of
N on the interval [103, 105] cm−3, three evenly spaced (log scale) values of rg on the interval [0.01, 0.06]�m, and three
evenly spaced (linear scale) values of �g on the interval [1.1, 1.6] were selected and a product space grouping yielded
27 distinct distributions. A second set was similarly obtained where N spanned [102, 103], rg spanned [0.08, 0.15],
and �g spanned [1.7, 2.0]. For a third set N spanned [101, 102], rg spanned [0.2, 0.4], and �g spanned [1.2, 1.3].
Initial moments for the mth test case were those of the superposition of the mth lognormal distribution of each of the
three sets.
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